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20. -’ approach bas d on K i kuchi 1 s Clu ster Var i a t ion met hod . The two
methods of calculation for the self -diffusion coefficient of Zr
g ive excellent dgreenlent wi th experiment, the observed curvature
of the /\rrhenius plo t being reproduced perfectl y . urthermore ,
di f fu s iona l  anom alies observed in bcc -c tab i l i zed  al oys of these
metal s and , in particular , the increase of the apparent acti vation
energy with solute concentration are readily explain ed by the model.
Th ’ phenom eno logical equations derived are sim pl e to use, have
strai ghtforward phys i cal content and may be empl oyed to est ima te
d i f fus i on coe ff i c ients  i n anom alous  Grou p IV B trans i t ion me ta l s
and alloys when lit tle experimental data is avail able.
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1._ FOREWORD LAB s1[~A cT)

A mode l for anomalous self -diffusion in the bcc-phase

~rou~ IV 3 transition metals , Ti , Zr and Hf is proposed. The

~)dnl is based upon the identity of the activation complex for

vacancy diffusion in the bcc lattice and the smallest unit

(omega embryo ) of a hexag onal phase , the oi ’ega phase , found in

these metals and their alloys in a inet istable state . T he coef-

ficient for self -diffusion is calculated a~ a function of tern-

perat~re bi means of a phenomenological expression for the free

enerc iy of format ion of an omega embry o, and by means of a more

fundamental approach based on Kikuchi ’ s C l u s ter Var i a ti on method .

The two methods of calculation for the self-diffusion coefficient

of Zr qive excellent agreement with experiment , the observe d

curvature of the Arrhenius plot being reproduced perfectl y. Further-

~ore , diffusional anomalies observed in bcc-stabi lized alloy s of these

ietals and , in particular , the increase of the apparent activation

~n~ r qi w it h  solute concentration are readily exp la ined by the model .

The enrjnennloq i cal equations derived are simple to use , have straight —

t rwd r J ~~ 1 , 1L. d l conten t and may be emp l oyed to estimate diffusion coef-

fi c i er i t s in .
~ otila l ous Group IV B transition metals and alloys when little

experim ent al dd ta is dva ild ble. 
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3. LIST OF IL LU ST RA 1 IONS

Fi gure 1: The confi gurations of the elementary ~ emb ryo and the

activated complex for diffusion . The atom at 0 exchanges

place with a vacancy at V (a) by forming, in the process ,

an elementary . embryo (b).

Fi gure 2: Comparison of the diffusion coefficient predi cted by the

phenomenolo gi cal model to th e exper i men tal da ta by Federer
(20)and Lundy

Figure 3: The concentration of u, emb ryos (activated complexes for

diffusion ) versus the absolute temperature . The concen-

tration of ~ emb ryos i ncreases  w i t h a decrease i n tem pera-

ture as postulated in the phenomenological approach~~~~.

Fi gure 4: The diff usion coefficient predicted by the phenomenological

approach is compared to the data of Murdock and Lundy ( 23)

for self -diffusion (a), an d to the data of San tos and Dymen t~
for di ffus i on of ~~Ti in Ti-Mn alloys of composition : (b) 9.7~~

(c) l3 .3~Mn , (d) 17.9 Mn and (e) 20.6 Mn .
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4. BODY OF REPORT

4 . 1. ntroduct io n

The objective of this investigation was the search for a

theoretical model for anomalous self-diffusion in the Group IV B

transition metals: Titanium , Zircon i um and Ha fn i um . These three

;~~ta l s , along with ~-Uranium and the rare earths i _Cer ium and

:-Praseodymium exhibit anomal ous diffu sional properties O~
2
~
3).

~oniial behavior is characterized by a diffusion coeffi cient B

qi~ en by

D = B0 exp(-Q/PT)

.•ii~ h the pre-exponential factor of order 0.05 to 5.0 cm2/sec

and activation energy given approximately by Q = 34 T~1 w here Tm
is the absolute temperature of melting and where P and T are the

gas cons tant and absolute temperature respectively. B0 an d Q are

approximately temperature independ ent since a plot of log D vs.

l/T yields a stra i ght line over severa l decades of B. By contrast ,

trie anomalous metals are characterized by significantly curved

Arrh enius plots which have been interpreted as due either to a

temperature va ri ati on of the act i vat i on energy or to the part i-

c ip a ti on of more than one mechan i sm i n bu l k  d i f f u s i on 0’4~.

Numerous at tempt s have been made to expl ai n anomalous

diffusion by m eans of two or more contributing mechanism 0’~ ’~~ .

Th i’, approach invari ably encounters two serious difficulties:

- ~~~~~‘ 
. .

~
. 

~~~~~~~~~-



5

the fact that anom alous diffusion is confined to a very specific

Iroup of metals is not explained nor can the values of the para-

meters for the low temperature mechanisms be rationalized: i.e.,

a pre-exponentia l factor which is several orders of magnitude

l ower than that of norma l metals and an activation energy at

least half as large as the high temperature one~~’~~.

The approac h ~ h b allows for a temperature variation of

the activation er i d to a few investi gators to be a more

sensible one~
4’~ ~ch a temperature dependence of Q is

~‘ade plausible ~y the existence of a low temperature phase transi-

tion. Indeed , al l anoma l ous metals present allotropic phase tran-

sitions; in particular Ti , Zr, Hf an d Pr transform from bcc phase

to th e hexa gonal close packed structure stable at low temperatu re,

an d the s tab le  form of Uran i um at room tem pera ture  i s or thorhomb i c ,

a distorted hexagonal close-packed structure . In addition , Ti , Zr

and Hf transfor m to a metast able hexagonal (but not close-packed)

hhase , the so-called omega phase , upon alloy ing~~ or un der pres—

sure 0°~. Furthermore, Ti , Zr , Ce an d Hf are Grou p IV B elemen ts,

the transition metal counterparts of Group IV A elements , the light

elements of which are convalently bonded. The tri gonally bonded

basal plane of the hexagonal ~ s t r u c t u r e h a s , in fact , the s t ruc ture

of the basal pl ane of graphite indicative of strong covalent compo-

nent to the total binding energy .

~ 

. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Thus , the tec structure appears to be a necessary but not

s u f f i c i e n t  c o n d i t i o n  f o r  the dif fusional anomalies , the additional

condition required being that the bcc structure transform to a hexa-

~ona l phase at low temperature . Rather than seeking a connection

between the anomalies and the hcp phase itself (6), we attempted to

establish the connection with the • . phase.

It can now be stated unequivocally that the objectives of

~he proposal research have been full y :;iet:

1 . a model which expla ins the experimental data has been found
and g i ves excellent quantita tive fit ,

2. subsequent application of the model to self-diffusion in Ti

a l lo ys~~~ has been equally successful ,

3. our mode l is claimed by other invest igators to be the mos t
promising one to exp lain anomalous diffusion in certain bcc-

phase rare earths O2),

4 . ours appears to be the only really new diffusion mode l proposed

in the last  20 years . As such , it has prompted experimenta—

lists 3,14) to perform new measurements on the anomalous dif-

fusers .

A brief summ ary of resul ts obtained follows . Details will

be found i n  the Ph .D Dissertation of Dr. J. M . Sanchez~~
U and

in relevant publicat ions 5-17) 

V. . 
~~~~~~~~~~~~~~~~ — . .~.,.- ~~~~~~~~~~~~ .. ~

- _ ..
~~~~~

- - .— —.
~~~——-.—-— - -1~~~~’~~~
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Diffraction Model

Jr f i n i ,t t as k , before tackling the difficult one of the

di f lu . ion ech aoism , was to understand better the ~ phase trans-

f~ rmat ion . We therefore attempted to explain electron and neu-

tron diffraction patterns from bcc Ti and Zr alloy s transf orming

to t Iie phase. It was found essent ial to incl ude anharmonic

e~ f~cts in both the free energy and the d i f f rac t i on  equations.

In tn i S  W d / ,  ~de were able to es tab l i sh  a direct connection be-

t~ieen a Landau expres sion for the free enerqy of the transforming

bcc - ha ~e and the d i f f ract ion pattern . Direct Fourier and optical

trarsf~ rit , y ie l ded a plausible picture of patterns of atomic dis —

pl u ce r )en ts , and comparison with neutron diffraction data~~
8) yiel-

ded u plau s ib l e temperature dependence of the third order anharmo-

nic free energy term B(T) to be used in the diffusion model. De-

tails are to be found in Ref. 16.

.1

1.

—i-— — —  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .  — . ..
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4 . 3. Pheno~eno 1o yical Model

F rOIF the start , -.~ n assumed a vacancy mechanism , i . c~. , a dif-

t sing atom exchang ing places with a vacant sub stitutional site. -i

so doing, the atom passes through an unstable saddle point oujrfi ~~u r j --

ti :n , momentaril y forming an activated complex which sp ontar leo u ’l-y

decays.

The key to the exp lanat ion of anomalous d i f fus i on cons is ts  ~f

r’ cogn i zin q th at , in bcc structures , t i e required activated complex

is none other than an ~ embryo , that is , the smallest unit - r clus-

ter of nei ghboring atoms having the essential •~-structure characteris-

tics. This can be seen in Figure 1 : The top portion (a) shows a

(11 1 ) plane ABC and an atom at 0 occupying the norma l body-centered

Site j-is t below the ABC triangl e. For this atom to exchange places

with a nearest-nei ghbo r vacancy at V . it must firs t pass through the

‘ activated position within and at the center of the ABC triangle.

This activated confi guration is shown in Figure 1 (b), which is an

embr ,iu exhibiting elementary collapse ’ of two nei ghboring (111)

planes , t he one at A BC ~an d the one at 0. One reco gn i zes in F i gure 1

(b) the characteris tic trigona lly bon ded s t ruc ture (8). Once the

co nfi gur a tion depicted in Figur e 1 (b) is reached , the central atom

will jump to a nearest nei g hbor vacancy , if available , without any

~ 1 
extra expenditure in energy as in the case of norma l diffusion . The

essential diffe rence with norma l d i ffusion comes about when the re-

— 
-~~ -~~ç_~ ;~ . fr .. - — —::‘

~~
— ‘ - -

. 
.. .
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ver c ih le  work ot f or mat ion of the ac t i va ted  s ta te  is ca lcu la ted.  In

the c ase ot sys tems in wh ich  tri o structure is a low temperature me—

tastab le ph;ise , close to ~rie t rans i t ion te ri perature the free energy

of fo rmation of an activated comp lr ’fi ( or Ii emb ryo ) will be much

si~a l le r  than in the case of norma l bcc metals , resulting in a higher

concentration of activated states and consequently enhan cing diffusion

at low temperatures. On the other hand , in the l imit of hi gh tem pera-

tures, random therma l vibrations will tend to destroy the w embryos

and the di f fusion process should be co aracter ized by norma l values

and behavior of the di f fusion coef f ic ient .

F~ mim aking the assumpti on that the free energy change in forming

un i t amount of is described by a Landau expansion with th i rd-order

coefficient given by

B(T) Cons t./T (1)

it is po ssible to derive the following expression for the coefficient

of self-diffusion

D U0 exp(-Q/RT) exp(.~HmTo
/RT2) (2)

in which B0 is the usual preexp onentidl factor , Q is the usual activa-

ton  energy , estimated here by the normal” r u l e  Q = 34 T 1~ where Tm is the

nel tin ~ temperature . :H1~ i s the mo ti on en thalp y for va canc y d i f fu s i on

and T0 is the bcc transition temperature .

..
~~

- -
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— 
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In the particular case of self -diffusion in bcc Zr , Q is

70 kcal/ mnole , and T0 is estimated to be about 890 K b y extrapo-

lation of the tr ansition temperature curve vs. c’mposition in

a Zr-Nb aii oy~~~~. The remaining two parame ters B0 and :Hm can

be determined by fitting Equation (2) to the data of Federe r and

Lundy (2 0) yielding B0 = 0.21 cm2/sec and •~•H m 
= 32.5 kcal/mole ,

both parameters falling well wi thin the expected range of values.

A s can be seen from Figur e 2, the fit is as perfect as the data

warrants. Additi onal details are g i ven in Reference 15.

~~~~ ~~~~~~ .V~~ — - . .~ ‘ ~~~~~~~~~~~~~~~ 
- .- .
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4.4. Cluster V a r ia~~ ’n Model

The temperature dependence given in Equation (1) was merely

postulated ; it was thus desired to obtain a more fundamental justifi-

cation thereof. To that end , the free energy of the bcc phase was

~.ritten as a function of cluster frequencies , the largest cluster

consisting of the 8-point primitive bcc unit cell , each point being

occupied by a 0, ~l or -l disp la cement (on a suitable scale) along a

given [ll1 ~ direction . It was thus possible to simulate activated

complexes or other intermediate structure between perfect bcc and

perfect . . The internal energy was taken as a linear combination of

cluster frequencies and the entropy was derived by the Cluster

(21)
~ariat~ cn mie thOd of ~iku ch i

At any temperature , equilibriu m states are obtained by mini-

n l ziny the ~ree energy with respect to cluster frequencies . This is

a formidable task since there are 3
i = 6561 cluste r vari ables (not all

d istinct), and the same number of simultaneous non -linear algebraic

oq-~at i~ ns to bt solved. Br. Sanchez was able to do this by modifying the

~atur a1 Iter ation al gor ith ri recentl y developed by Ki kuchi (22 ) . it was

then possible ~o ilcul ate directly the temperature dependence of acti-

vated complexes , a shown in Figure 3. F rom there , it was possible , as
was done above , to ob ta in the tempera ture dependence of the diffusion

coefficient for the case of r~ure Z r . The fit t~ the data by thi s method

was every bit as good as that shown in Fi g. 2
, but this time with a solid

— — .—~ 
--.

~ 
— - — ..—_-..— .

., ~~~~~
.. - — ~~ 

.w;-~~~ .-_--x___
~_ 
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justification for all tempe rature dependences. Ir ’ additio n to

prov iding rie ~ insi ght into the . phase transforma tion , this study

provid ed addit ion al returns: (a) it was apparently the first ap-

plication of the cluster vari ation method (CVM) to displacive

transitions , perhaps paving the way for future use of the CVM to

this important field of phase transformations; (b) it was the mos t

ambitious CVM calculation yet undertaken , i n terms o f n um ber of

variables and equations , thereby demonstrating the feasibili ty of

sol v i n : ve ry complex problems by the al gorithms developed. From

the strictl y computational viewpoint, the experience gained has

been invaluable for our new ARO (D)-sponsored project which has just

gotten under ~.ay.

A complete treat en t of the problem will be found in the Ph.D

Lis se rt ation of Dr. San hez~~~ and in forthcoming pub licat ions~~
7
~.

-i- - -‘-~~~~~
—- ~~~~~~~~~~~~~~~~~~ - - ‘5, ~~~~. _ 5, - ~ .‘_
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~~~~~~~ Solvent D i f f u ~ ion

~ruup 11 P t rar ’ - ,iti on metals w ith -stabilizing alloying additions

do not conf ri to well -established rules for solvent diff usion : normally,

if an alloying addition l owers the solidus temperature Tm~ 
a corres pon di n g

l ower ing of the activation energy for diffusion takes place as expected

from the relation Q = 34 T~ . In the anomalous metals , however , the

effect of - . -stabilizin g elements appears to be the exact opposite: al-

layin g additions which l ower the so lidus temperature result in an increase

in the activation energy for diffus i on . For i ns tance , so lven t  d if fus i on

in Ti -rich Ti -V alloys is “anomalous ’~ with activation energy increasing

with V content , while V-rich alloys behave norm ally. Recent experiments

in diffusion of ~Ti in Ti-Mn and Ti-Co allo y s(24) indicate that the

curvature of the Arrhenius plot decreases as the alloy i n g elemen t con ten t

is increased. Also if the data is analyzed in terms of a best straight -

line fit, both effective D0 and Q values are foun d to be anomalousl y low

in Mn or Co-lean alloys , to beco me p ro g ress i vel y more norma l as the al lo yi ng

element content is increased.

Such be~rav iour , which defies interpretation in terms of a normal

diffusion process , is readily explained in terms of the -emb ryo mechanism.

Si nce Mn (or Co)is a - -stabilizing element , the V ~ trans iti on temperature

T0 decreases rapidly with alloying additions , more ra p i d l y i n fact  than

the solidus temperature Tm • This means that , at a g i ven tem perature ,

increased alloying effectively take the system further away from the

- .~~~ , . - 5—
. 

‘~~~~—~‘~~4”~ 
S -- - — ~~~ ~~ j ,~
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m~in iti o n so that, by F iqure 3 , the concentrdtion of ~a_e t ryo , is

expected to decrease, resulting in incre asing ly normal” beha viour.

The phenome nol og ica l model presented in Section 3 is particularly

convenient for ana lyzin g these effects quantitativel y. Py consid eration

‘ Equation (2), we may define an eflectivc’ temperature-dependent acti-

v i tion energy

I (c )
1)
e f f (T ,c) 34 1111 (c)[l — —

~~
-- - - -- --] (3)

where is a constant of the order of 0.5, and where both so li dus and

~ transition temperatures Tm an d T~ are concentration dependent.

A 1p l icat io~I of Equation (3) to the Ti-Mn system result in the calculated

-A rv es shown in Fi gures 4 a-e. Not only is the fit to the data as good

-i~ can t o expected , but the resulting values of the fitted parameters

a ll well wi thi n the allowed ranges , while the curvature of the Arrhenius

plo t’ decrea ~ as the transition temperature T0 decreases with concen-

t r it i on c. ~lc nce ,it can be concluded that all anomalies have been ex—

pl ained si tisfactori 1 y .

Additional details are given in the Ph .D Bissertation of Dr .

~anchez~~~ and in forthcoming pub li cations 0~~.

-______________ S 
~~~
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~~
-

~~~~ 
-. — ‘-~ ‘~ ~~~~~~~~~~~~~~~~~~~~~~~~ -- _ 5 - —  SS S 

-



15

4 . 6. nLl u - i  ri

tic proposed mode l I s a s ‘p l t one , with cle ar 
~ ui ii tat i ye

lJ P.si-al int-t rp r (t a t io n and excellent quantitative fit to experi-

‘ r t i l  datd. By relatin g the diffusi o ra l inomalies of Ti , Zr and

H f r ’etals and alloys to the imp ortant displacive transiti on , we

n av e discovered a new diffusional model , surely a si gnificant ac-

coi p lish m ent jr it s own right. Alrea dy, our mode l is cited in

ve~~ r O e f l t  re~-iew (1rticles~ and is descri bed as “very con-

ii n ~ i n ~

~~~ i practical point of vie , the model is found to have

; r d i c t i v  val~~ : Equations (2) or (3) are sufficiently simple , and

must j d rJ r f ’ T v - can t’~ approximated well enough to enable an experi -

-enter to ~re ’1r ct the d i f fus iona l  properties of an anomalous system

t i r  vir ou t ’ ’ ncer a tu res  and concentrat ions , wi thout  the necessity

if ;iorfonni nq costl y and ti mmm e-consu u ing experiments. For example ,

r’sistence to high -temperature steadv-~ tate creep i n T i a l l o ys can

be significantly improved by adding V- tabi l izin q elements , and by

-i~’oid nq hcp-st ahi lizing elements such as Al. The analysis can be

ide quantitati ve through the use of Equation (3).

Mucn work of a fundamental nature remains to be done. Here

ire a few s ugg e s t i ons :

-
‘ 

1 . bitter analytical treatments of the w phase tran sformation are

required , either in the framework of the disp lac ive wave method

_
~

5 — --—S _~_ ~~~~~~~~~~~~~ - ~~~~~ —- •~(~~
• .5 .— - - S - — ~~~~~~~~~~~~~~~~ ~~~ -— — S - 

~~~~~~



16

w i t h i n r i a n i t i r i  I c t i n  i m i the free energy, or by the Cluster

in a ti on ii ’ t titi i with larger clusters than the ones used here.

b . t°e best ~u i nt i tati Vi exper ime nta l  knowled ge of the 
~

. trans—

f r j t i o n  is obtained ~y diffraction methods: X—ray, electron ,

i i i  part i c ul ar l ,  neutron d i f f r a c t i o n .  Much more work is needed

t .  colle ct data over a range of concentrations and temperatures

j r  a va nltt v of Ti , Zr and H f allo is , and in various bcc-based

ordered all o y s such as , _
~ u~n

(2 7 )
.

c. Since the phase is found to be s tab le  in the pure elements

a t niqh pressure , experiments of both diffraction and diffu sion

types should be conducted unde r pressure in Ti and Zr alloy s

as a function of average concentration and tempe rature .

d. other anomalous m etals such as bcc Ce should be investigated in

ri ’ li g h t rf the proposed model for Ti , Zr and Hf . In par ti cul ar ,
j t  would ic interesting to find out whether high-pressure or high-

r l lo v content metastable phases with structure similar to o exist

for these rare earths. Such studies have not been conducted pre-

sunrab ly because these elements are very reacti ve and present only

- 
i a very narrow temnperature range for the hi gh-temperature bcc phases .

e. anomalous diffus i on should be further investigated , i n both element

and alloy , by such techniques as the isotope effect , as is curren tly

being performe d by Professor Lazarus and co-workers . Early resul ts

- - 5-—---- -

__
_S_

._a_
_ 

~~~~ 
- ~~~ ‘r5 a—. .q-- — — - ‘a -  ‘S~ 

S — — — -— S — -.
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appear to ~ubst ari tiat e our mmi odel~~
4
~ .

~n the pas t , the discovery of a new theoret ical  mnode l has

otter i sugge- ted renewed experiment al activity in the field , while

providin g asi ful guid elines for practi cal applications. We believe

that this .~i 1l a lso occur  i n  the present instance if appropriate

funding is av a i la b le .

- .  . . — .,~~~... - - , .,. -~~~‘.— - —  ‘-~~~~~~~ - ~~~~~~ ~~~~~~~~~~~~~~~~ 55~~ S. 
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